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Abstract
Many results have been established that show how arithmetic conditions on conjugacy
class sizes affect group structure. A conjugacy class in G is called vanishing if there exists
some irreducible character of G which evaluates to zero on the conjugacy class. The aim
of this paper is to show that for some classical results it is enough to consider the same
arithmetic conditions on the vanishing conjugacy classes of the group.
1 Introduction
A well-established area of research in finite group theory considers the relationship between the
structure of a group G and sets of positive integers which can naturally be associated to G. One
of these sets, the set cs(G) which consists of the conjugacy class sizes of the group G, has led to
many structural results about G.
Some of the classical results concerning cs(G) give arithmetical conditions on cs(G) which yield
that G is either a soluble or supersoluble group (see [4, Theorems 1 and 2]). It is then natural to
consider whether the entire data contained in cs(G) is required to obtain such structural results;
in fact one of the classical results in this direction shows that if a prime p does not divide the
conjugacy class size of any p′-element in G, then G is p-nilpotent (see [2]).
More recently, there has been an interest in studying such structural results based on a refine-
ment of the set cs(G) by the character table of the group G. Consider χ ∈ Irr(G), an irreducible
character of G. A classical result of Burnside says if χ is non-linear, that is χ(1) 6= 1, then there is
at least one element g in G such that χ(g) = 0 [13, Theorem 3.15]. In particular, this implies every
non-linear row of the character table contains a zero entry. If one considers conjugacy classes, a
natural dual to irreducible characters, then g is a central element in G implies that |χ(g)| = χ(1)
and thus the column corresponding to g can not contain a zero. However, it is not clear whether
a non-central column must contain a zero. Therefore we define an element g in G to be a vanish-
ing element if there exists χ ∈ Irr(G) such that χ(g) = 0. One can now see that a corollary to
Burnside’s result is that a group has no vanishing elements if and only if the group is abelian.
Unlike with character values, there is not such a clear statement for a column in the character
table to contain a zero. For nilpotent groups it was shown by Isaacs, Navarro and Wolf that g is
non-vanishing if and only if g lies in the centre of G [14, Theorem B]. For soluble not nilpotent
groups they also show if g is non-vanishing then g in G/F (G) must be a 2-element [14, Theorem
D]. In general, if an element g is non-vanishing in G and the order of g is coprime to 6, then g lies
in F (G) [5, Theorem A]. Hence one is led to question whether results based on conjugacy class
sizes should still hold if one restricts focus only to those corresponding to vanishing elements.
The aim of this paper is to prove three theorems generalising the classical results mentioned
above to vanishing conjugacy classes.
Theorem (Theorem A). Let G be a finite group and p a prime dividing the size of G such that
if q is any prime dividing the size of G, then q does not divide p− 1. Suppose that no vanishing
conjugacy class size of G is divisible by p2. Then G is a soluble group.
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Theorem (Theorem B). Let G be a finite group and suppose that every vanishing conjugacy class
size of G is square free. Then G is a supersoluble group.
Theorem (Theorem C). Let G be a finite group and suppose a prime p does not divide the
size of any vanishing conjugacy class size |xG| for x a p′-element of G. Then G has a normal
p-complement.
In particular, Theorem A has the following corollary.
Corollary 1.1. Let G be a finite group and suppose that no vanishing conjugacy class size of G
is divisible by 4. Then G is a soluble group.
Theorems A and B form the vanishing equivalents of [4, Theorem 1] and [4, Theorem 2]
respectively, while Theorem C is the vanishing analogue of [2]. Note that in the statement of [2],
Camina shows that the Sylow p-subgroup is a direct factor. However, this need not be true when
only vanishing elements are considered. For example the group Sym(3) has a unique vanishing
conjugacy class consisting of the transpositions, thus this group has no vanishing 2′-elements but
the Sylow 2-subgroup is not normal. In addition, note the similarity of Theorem C to [6, Theorem
A], where the authors showed that if a prime p divides no vanishing conjugacy class size then G
has a normal p-complement and abelian Sylow p-subgroups.
Finally note that these vanishing analogues cover a larger range of groups than the original
statements. Consider the group C5 ⋉C4, the vanishing elements in this group are the 5
′-elements
which each have conjugacy class size equal to 5. However the single class of 5-elements in this group
consists of non-vanishing elements but also has conjugacy class size divisible by 4. Thus Theorem
A implies this group is soluble and Theorem B implies this group is supersoluble, however [4,
Theorem 1] and [4, Theorem 2] would not apply to this group as there is a class size divisible by 4.
In addition, Theorem C implies that Sym(3) has a normal 2-complement, however the conjugacy
class of 3-cycles shows that there exists non-vanishing 2′-elements with class size divisible by 2,
hence [2] can not be applied.
2 Preliminaries
Throughout every group considered will be finite.
Recall for N a normal subgroup in G, there is a natural bijection between the set of irreducible
characters of G/N and the set of irreducible characters of G with N in their kernel. In particular,
this natural bijection implies that if x is an element not in N then xN is vanishing in G/N if and
only if x is vanishing in G. In addition, we would like to recall that for an element x in G, both
|xN | and |xNG/N | divide |xG|.
2.1 Vanishing elements in simple groups
Let q be a prime number, and χ an irreducible character of G; the character χ is said to have
q-defect zero if q does not divide |G|/χ(1). A result of Brauer highlights the significance q-defect
zero has for vanishing elements. If χ is an irreducible character of G with q-defect zero, then
χ(g) = 0 for every g ∈ G such that q divides the order of g [13, Theorem 8.17].
Corollary 2.1. [9, Corollary 2] Let S be a non-abelian simple group and assume there exists a
prime q such that S does not have an irreducible character of q-defect zero. Then q = 2 or 3 and S
is isomorphic either to one of the following sporadic simple groupsM12,M22,M24, J2, HS, Suz,Ru,Co1, Co3, BM
or some alternating group Alt(n) with n ≥ 7.
In the particular case that M is a minimal normal subgroup, we shall use the preceding
corollary with the following lemma. This result forms a generalisation of a comment made during
the proof of [6, Theorem A].
Lemma 2.2. Let G be a group, and N a normal subgroup of G. If N has an irreducible character
of q-defect zero, then every element of N of order divisible by q is a vanishing element in G.
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Proof. Take ψ ∈ Irr(N) of q-defect zero. Choose χ ∈ Irr(G) lying over ψ; by Clifford’s theorem,
ResGNχ is a sum of G-conjugates ψi of ψ. As ψi(1) = ψ(1), for any i, ψi is an irreducible character
of N with q-defect zero. Hence each character ψi vanishes on any element of N of order divisible
by q. If x is such an element, then χ(x) =
∑
i ψi(x) = 0, hence x is a vanishing element in G.
It still remains to consider those simple groups which have no character of q-defect zero for
some prime q. The next result provides a condition for an irreducible character of a minimal
normal subgroup M of G to extend to an irreducible character of G.
Proposition 2.3. [1, Lemma 5] Let G be a group, and M = S1 × · · · × Sk a minimal normal
subgroup of G, where every Si is isomorphic to a non-abelian simple group S. If θ ∈ Irr(S)
extends to Aut(S), then θ × · · · × θ ∈ Irr(M) extends to G.
The following lemma finds vanishing classes in simple groups which satisfy the condition of
Proposition 2.3 and also satisfy arithmetical conditions which are required for the proofs of The-
orems A and C.
Lemma 2.4. Let S be a non-abelian simple group and assume there exists a prime q such that S
does not have an irreducible character of q-defect zero:
1. Then there exists a conjugacy class xS of size divisible by every prime dividing S and by 4,
and there exists θ ∈ Irr(S) which extends to Aut(S) such that θ vanishes on xS.
2. Let p be a prime dividing the order of S. Then there exists a p′-element x with conjugacy
class xS of size divisible by p, and there exists θ ∈ Irr(S) which extends to Aut(S) such that
θ vanishes on xS .
Proof. We shall prove (1) and (2) simultaneously. Observe that if a pair {x1, θ1} satisfies the
conditions required for (1), then it also satisfies the conditions required for (2), unless x1 turns
out to have order divisible by p. Thus to establish (2) from (1), it is enough to provide an
additional pair {x2, θ2}, such that if x1 has order divisible by p then x2 has order not divisible
by p. In particular, the pair {x1, θ1} shall be assumed to be the elements chosen in the proof
of [6, Lemma 2.2], where the authors provide an element with class size divisible by every prime
dividing the size of S.
By Corollary 2.1, the group S is either isomorphic to a sporadic group M12, M22, M24, J2,
HS, Suz, Ru, Co1, Co3, BM or some alternating group Alt(n) with n ≥ 7. Assume that S is a
sporadic simple group. For each group the table below provides pairs {x1, θ1} and {x2, θ2} taken
from [3], as required.
Group Character θ1 Class x1 Character θ2 Class x2
M12 χ7 3B χ7 8A
M22 χ3 6A χ2 7A
M24 χ3 6A χ5 7A
J2 χ6 3B χ10 4B
HS χ7 5C χ16 4C
Suz χ3 8B χ9 3C
Ru χ2 6A χ9 5B
Co1 χ2 6H χ2 35A
Co3 χ9 6E χ10 5B
BM χ2 10D χ6 21A
It remains to study the alternating groups. We provide the conclusion for all n ≥ 7, al-
though in fact [9, Corollary 2] yields some additional restrictions on n. For n ≥ 7 recall that
Aut(Alt(n))∼=Sym(n).
Given a conjugacy class xSym(n) then over Alt(n) this class either stays the same or splits
into two equal size conjugacy classes. Thus for (1) it will be enough to find a conjugacy class in
Sym(n) such that 8 and every odd prime dividing Sym(n) divides |x
Sym(n)
1 |. While for (2), if x1
has order divisible by p, then we need x2 of order not divisible by p such that p or 4 (if p = 2)
divides |x
Sym(n)
2 |.
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Every irreducible character of Sym(n) corresponds naturally to a partition of n; let χσ denote
the character corresponding to the partition σ. The restriction of χσ to Alt(n) is irreducible if
and only if the Young diagram corresponding to σ is not symmetric [15]. In the table below pairs
{x1, θ1} and {x2, θ2} are given by a conjugacy class together with a partition σ, such that σ is not
symmetric and that it can easily be shown using the Murnaghan-Nakayama formula [15, Theorem
2.4.7] that χσ(x) = 0.
n σ1 Cycle type of x1 |x
Sym(n)
1 | σ2 Cycle type of x2 |x
Sym(n)
2 |
odd
not prime (n− 2, 2) (n) (n− 1)!
(n− 3, 2, 1) (n− 2, 1, 1) n!/2(n − 2)
prime (n− 2, 2) (n− 3, 2, 1) n!/2(n− 3)
even
n− 1 not prime (n− 1, 1) (n− 1, 1) n!/(n− 1)
(n− 2, 2) (n− 3, 1, 1, 1) n!/6(n − 3)
n− 1 prime (n− 3, 2, 1) (n− 2, 2) n!/2(n− 2)
The only case not covered in the above table is when n = 7 and a conjugacy class size divisible
by 4, because the conjugacy class given above is only divisible by 2 in Alt(7). However the
character χ2 and conjugacy class 3B taken from [3] satisfy the required conditions of (1) .
2.2 Formations
The notion of formations provides a powerful tool for studying soluble groups in which every
proper quotient has a certain structural property. First we recall that a set of groups F is called
a formation if for every G ∈ F then every epimorphic image of G also lies in F, and if N1 and
N2 are normal subgroups of G such that G/N1 and G/N2 both lie in F, then G/(N1 ∩N2) lies in
F. Moreover a formation F is called saturated if whenever G/Φ(G) lies in F then G lies in F, for
Φ(G) the Frattini subgroup of G. In particular, supersoluble groups form a saturated formation
[11, Proposition 10].
We present the following result, which although standard, we were unable to find a reference
for the proof. Here F (G) denotes the Fitting subgroup of G.
Lemma 2.5. Let F be a saturated formation. If G is a soluble group not belonging to F, but
G/N ∈ F for all N normal in G, then F (G) is the unique minimal normal subgroup of G and
F (G) is an elementary abelian p-group for some prime p. Moreover, there exists a complement H
to F (G) in G and H is a maximal subgroup of G.
Proof. Let N1 and N2 be distinct minimal normal subgroups of G, then G/(N1 ∩N2) ∼= G lies in
F. Hence G has a unique minimal normal subgroup N .
As N is a p-group for p a prime F (G) must also be a p-group. Furthermore F (G)/Φ(F (G)) is
an elementary abelian p-group, but as Φ(F (G)) ≤ Φ(G) = 1, it follows that F (G) is elementary
abelian.
Since N is a minimal normal subgroup it has a complement H in G [12, Hilfssatz VI.7.7].
We observe that N ≤ CG(F (G) ∩ H) and as F (G) ∩ H ⊳ H , we must have F (G) ∩ H ⊳ G. If
F (G) ∩ H 6= 1 then G can not have a unique minimal normal subgroup. It now follows that
N = F (G) because F (G) ∩H = 1. This proves the first part of the lemma.
Now assume the complement H to N is a proper subgroup of K and K ≤ G. As K ∩ N is
normal in K, it follows that H ≤ NG(K ∩ N); however N is abelian, so N ≤ NG(K ∩ N) and
K ∩N ⊳NH = G. Thus K ∩N = 1 or N , but H < K so this is a non-trivial intersection. Hence
K ∩N = N and so K ≤ NH = G.
3 The proofs
Theorem 3.1 (Theorem A). Let G be a finite group and p a prime dividing the size of G such that
if q is any prime dividing the size of G, then q does not divide p− 1. Suppose that no vanishing
conjugacy class size of G is divisible by p2. Then G is a soluble group.
Proof. Suppose G is chosen of minimal order satisfying the hypothesis of the theorem, but is
not soluble. If p > 2, then G has odd order and is soluble by the Feit-Thompson Theorem.
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Additionally, as the arithmetical conditions on the vanishing classes are inherited by quotients, if
G has a proper normal subgroup N , then by minimality G/N is soluble.
Let M be a minimal normal subgroup of G. If M is abelian, then G/M is soluble and thus G
is soluble. Hence M must be non-abelian, thus write M = S1 × · · · × Sn, with each Si isomorphic
to a non-abelian simple group S. If S has an irreducible character of q-defect zero for every prime
q, then every non-trivial element of M is a vanishing element in G by Lemma 2.2. As S is non-
soluble, there exists a non-trivial element x ∈ S such that 4 divides |xS | by [4, Theorem 1], and
thus x is a vanishing element in G such that 4 divides |xG|. Now assume there exists a prime q
such that S does not have any irreducible characters of q-defect zero, then S must be one of the
simple groups listed in Corollary 2.1. However, in each case there exists a vanishing element x in
the simple group such that 4 divides |xS | and x vanishes on θ ∈ Irr(S) which extends to Aut(S)
by Lemma 2.4. Thus the character θ × · · · × θ ∈ Irr(M) extends to G by Proposition 2.3, and x
is a vanishing element of G with 4 dividing |xG|.
Theorem 3.2 (Theorem B). Let G be a finite group and suppose that every vanishing conjugacy
class size of G is square free. Then G is a supersoluble group.
Proof. Suppose G is chosen of minimal order satisfying the hypothesis of the theorem but is not
supersoluble; note that G is soluble by Theorem A. Additionally, as the arithmetical conditions
on the vanishing classes are inherited by quotients, if G has a proper normal subgroup N then by
minimality G/N must be supersoluble.
As the set of all supersoluble groups form a saturated formation [11, Proposition 10], G must
have a unique minimal normal subgroup N = F (G) by Lemma 2.5. Moreover N must have order
pk > p, as if N had order p then G would be supersoluble by induction on G/N . In addition, there
exists a complement H in G for N [12, Hilfssatz VI.7.7] and G/N ∼= H must be supersoluble.
Let M be a minimal normal subgroup of H . Then |M | = q for some prime q, and as Op(G) =
F (G), it follows that q 6= p. For any x ∈ M\{1}, the subgroup CG(x) is contained in NG(M) =
NG(〈x〉). As H ≤ NG(M), it follows that NG(M) = H or G by Lemma 2.5. Thus NG(M) = H
and hence |N |, and therefore p2, divides the size of |xG|. If x is a vanishing element in G, then
this yields a contradiction.
Thus assume for any minimal normal subgroup M of H , the elements x ∈ M\{1} are non-
vanishing in G. As H naturally maps isomorphically to G/F (G), by sending x in H to x = xF (G),
the order of x in H equals the order of the image of x in G/F (G), which by [14, Theorem D]
is a power of 2. In particular, as M = 〈x〉 and the size of M is prime, every minimal normal
subgroup of H must be isomorphic to C2. If the largest prime q which divides |H | is odd, then H
must have a minimal normal subgroup of order q [10, Lemma 19.3.1], contradicting that M ∼= C2.
Hence H must be a 2-group, and is therefore nilpotent. Therefore F (G) is the penultimate term
of the ascending fitting series of G and all non-vanishing elements of G lie in F (G) = N [14,
Theorem 2.4], which implies x ∈M\1 is vanishing in G. Thus x must be vanishing in G, yielding
a contradiction.
Theorem 3.3 (Theorem C). Let G be a finite group and suppose a prime p does not divide the
size of any vanishing conjugacy class size |xG| for x a p′-element of G. Then G has a normal
p-complement.
Proof. Suppose G is chosen of minimal order satisfying the hypothesis of the theorem, but does
not have a normal p-complement. Additionally, as the arithmetical conditions on the vanishing
classes are inherited by quotients, if K = Op′(G) 6= 1, then by minimality G/K has a normal
p-complement and hence so does G. Thus assume that Op′(G) = 1.
Let M = S1 × · · · × Sk be a minimal normal subgroup of G, with each Si ∼= S a simple group.
As Op′(G) = 1 it follows that p divides the order of M . Assume first that S is non-abelian. If S
has an irreducible character of q-defect zero for every prime q, then by Lemma 2.2 every non-trivial
element of M is a vanishing element in G. As S has no normal p-complement, by [2], there exists
a p′-element x in S such that p divides |xS |, and thus x is a p′-element which is vanishing in G
such that p divides |xG|.
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Now assume there exists a prime q such that S does not have any irreducible characters of q-
defect zero, then S must be one of the simple groups in Corollary 2.1. However, by Lemma 2.4 there
exists a p′-element x such that p divides |xS | with a corresponding character θ× · · ·× θ ∈ Irr(M)
which extends to G by Proposition 2.3. Therefore x is a vanishing p′-element of G with p dividing
|xG|.
Finally consider the case that S is an abelian p-group and so N := Op(G) 6= 1. By the
minimality of G, the quotient G/N has a normal p-complement so G/N is p-soluble; hence G is
also p-soluble. As Op′(G) = 1, then by [8, Theorem 6.3.2] N is a self centralising subgroup of G,
i.e. CG(N) ≤ N . Thus for g ∈ G if p does not divide |g
G| then g ∈ N and hence any vanishing
p′-element of G lies in N . In particular, there are no vanishing elements of p′ order in G. Hence
G has a normal p-complement by [7, Corollary C].
The author would like to thank Emanuele Pacifici and Mariagrazia Bianchi for their hospitality
during his stay at the Universita` Degli Studi Di Milano in September 2014, where he was first
introduced to the concept of vanishing conjugacy classes.
References
[1] M. Bianchi, D. Chillag, M. Lewis, and E. Pacifici. Character degree graphs that are complete
graphs. Proc. Amer. Math. Soc., pages 671–676, 2007.
[2] A. Camina. Arithmetical conditions on the conjugacy class numbers of a finite group. J.
London Math. Soc.(2), pages 127–132, 1972.
[3] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson. The Atlas of
Finite Groups. Clarendon Press, Oxford, 1985; reprinted with corrections in 2004.
[4] J. Cossey and Y. Wang. Remarks on the length of conjugacy classes of finite groups. Comm.
in Algebra, pages 4347–4353, 1999.
[5] S. Dolfi, G. Navarro, E. Pacifici, L. Sanus, and P. Tiep. Non-vanishing elements of finite
groups. J. Algebra 323, pages 540–545, 2010.
[6] S. Dolfi, E. Pacifici, and L. Sanus. Groups whose vanishing class sizes are not divisible by a
given prime. Arch. der Math., pages 4347–4353, 2010.
[7] S. Dolfi, E. Pacifici, L. Sanus, and P. Spiga. On the orders of zeros of irreducible characters.
J. Algebra 321., pages 345–352, 209.
[8] D. Gorenstein. Finite Groups. Harper and Row, 1968.
[9] A. Granville and K. Ono. Defect zero p-blocks for finite simple groups. Trans. Amer. Math.
Soc., pages 331–347, 1996.
[10] M. Hall. The Theory of Groups. The Macmillian Company, 1962.
[11] B. Huppert. Normalteiler und maximale Untergruppen endlicher Gruppen. Math. Z., pages
409–434, 1954.
[12] B. Huppert. Endliche Gruppen. Springer-Verlag Berlin, 1967.
[13] I. M. Isaacs. Character theory of finite groups. Dover, New York, 1976.
[14] I. Issacs, G. Navarro, and T. Wolf. Finite group elements where no irreducible character
vanishes. J. Algebra 222, pages 413–423, 1999.
[15] G. James and A. Kerber. The representation theory of the symmetric group. Addison-Wesley,
1981.
6
